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ABSTRACT. A parabolic It equation is an equation of the form

(Cu/3)(t,w) = Lu(t,w) + f(u (t,w)) + a(t,w),  u(0) = uy, o, u € H.

H is a Hilbert space with scalar product « - v and norm |-|. L is a linear time-independent
negative-definite operator from H to H. fis a Lipschitz continuous operator from H to H.
aft,w) is a white noise process in H.

Under suitable technical conditions the following results are obtained:

1. A unique nonanticipating solution of- (1) exists with sup, E{|ul*} < o0.

IL u(t,w) = R(t,w) + V(f,w) where R(t,w) is a stationary process and

‘nm_ E{v(, w)PR}=o.

IIL. If L is selfadjoint and f is the gradient of a smooth functional then an explicit
expression is found for the stationary density of R(f,w) on H.

IV. For the equation (3u/9:)(f, w) = Lu(t,w) + f(1(t,w)) + sa(t, w) an asymptotic expan-
sion in e is proven which holds uniformly in ¢.

I. Introduction. This paper is a first step toward a theory of random solutions
of nonlinear partial differential equations. The basic heuristic idea is to find a
class of equations whose solutions approach an “equilibrium state” as time goes
to infinity. In many cases an explicit representation of the “equilibrium state” can
be found even when the equation itself cannot be solved.

The most important application of the results in this paper would seem to be
in the theory of random fluctuations of a system about an equilibrium.

A parabolic Itd equation is an equation of the form

Bu/3)(1,w) = Lu(t,w) + f(u(t,w)) + a(t,w),  u(0) = uy, uy, u € H.

H is a Hilbert space with scalar product « - v and norm |-|. L is a linear time-
independent negative-definite operator from H to H. fis a Lipschitz continuous
operator from H to H. a(t,w) is a white noise process in H. Heuristically, this
means that for every v, u € H, oft, ) satisfies

E{(at, ) - ) (als,w) - v)} = (u - v)8(t — 5)

where E is the expectation in w.

Received by the editors April 16, 1973.
AMS (MOS) subject classifications (1970). Primary 60H15, 60H20.
Key words and phrases. Parabolic equations, Itd equations.
Copyright © 1974, American Mathematical Society

177



178 ROBERT MARCUS

I1. An example. A simple example will first be discussed to illustrate the general
theory. Let u(x, t, w) satisfy

u, = u, + a(x,t,0),
u(x,00=0, u0,)=0 u(l,))=0.
a(x, t, w) satisfies

E{[; 1ot )ds [} g(ates, )} = 86 - 5) [} )gte)a.

Let ¢;(x) be a complete orthonormal set of vectors in 12(0, 1) satisfying

92¢; 3
5}% =-N¢;, ¢(0)=0, Bi.:(l) = 0.

u(x,t,w) can be expanded in terms of the orthonormal set u(x,t,w) = 3, u;(t,
w);(x). Similarly a(x,?,w) can be expanded: a(x,t,w) = 3; a;(t, w)¢;(x) where
the a;(¢, w) are independent ordinary white noise processes.

Using the expansions the partial differential equation becomes

dufdt = —Nu, + ai(t,0), 4,(0) = 0.

The solution to the system of equations is

t
u(t,w) = [ exp(=A(t — o (s, ) ds.
The u,(t, w) are Gaussian processes which satisfy
E{u(t,0)} = 0,

exp(=Ailt — s|) — exp(=\i(t + )
ZA‘ :

The above statements imply that u,(¢,w) can be written in the following way:
u(t,w) = R(t,w) + V(t,w).

E{u;(t, wu(s,0)} =

R;(t,w) and ¥(t, w) are Gaussian processes satisfying
E{R(,w)} =0, E{V(,w)}=0;
E{R,(t,w)Ri(s,w)} = exp(—=AJt — s|)/2A,,
E{R,(t, 0)¥(s,0)} = —exp(=\(t + 5))/2],,

E{V(t, w)V(s,w)} = exp(=A(t + 5))/2A,.

Note that R,(t,w) is a stationary process while lim,_, ., E{V/3(t,w)} = 0. Hence
lim, E{u}(, w)} = E{R}(1,w)} = 1/2A,
Recall u(x,t,w) = 22, 4;(t, w)¢;(x) which implies that



PARABOLIC ITO EQUATIONS 179

lim Ef{u(x,t,w)u(y,t,0)} = 2 ¢,(x2)§:(y).

i=]

From the boundary conditions on ¢;(x),

2 ¢.(x)¢f(y)
i=]

Combining all the above results it follows that as ¢t — o0, #(x, t, w) approaches
a stationary process with a stationary measure on L*(0, 1) equivalent to a Wiener
measure.

The preceding discussion can be easily generalized to other selfadjoint elliptic
operators on I?(D) where D C RY. In particular for higher dimensions and
suitable powers of the Laplacian, the stationary measure will correspond to a
Wiener-Lévy process with multidimensional time.

I11. Main results. The first step is to convert (du/97)(f,w) = Lu(t, w) + f(u(t, w))
+ a(t, ) into an integral equation with the kernel P(f) which is the fundamental
solution of dP/dt = LP. One obtains

=3 m-ln(x’y)

M) wtw) = [ P~ )f(usw)ds + [ P(t - shals, @) ds + Pt

Under suitable technical conditions the following results are obtained:

I. A unique nonanticipating solution of (1) exists with sup, E{|u|*} < co.

II. u(t,w) = R(t,w) + V(t,w) where R(t,w) is a stationary process and
lim, E{lV(t9w)|2} =0.

IIL. If L is selfadjoint and f is the gradient of a smooth functional then an
explicit expression is found for the stationary density of R(f,w) on H.

IV. For the equation (3u/9¢)(t,w) = Lu(t,w) + f(u(t,w)) + ea(t,w) an asymp-
totic expansion in ¢ is proven which holds uniformly in .

The following technical conditions are needed for the results of this paper:

(i) flu) is an operator from H to H satisfying | f(u) — f(v)| < alu — v|.

(i) For ¢t > 0, P(?) is a Hilbert-Schmidt operator satisfying |P()] < e™™, a
< A, in which |-| is the operator norm on H. This condition implies that
5 |P@)at < Va.

(iii) fg° Trace (P*(f)P(1))dt = sup, E{|f P(t — s)als, w)ds|*} < o0, where P*
is the adjoint of P.

Note. If L = A + iB where 4 and B are Hermitian operators satisfying

() A4 + (BB*)V2 < =),

() (4 + (BB*)V*)™ is of trace class,
then it is straightforward to show that P(¢) satisfies conditions (ii) and (iii) above.

Theorem 1. Under the technical conditions stated above, equation (1) has a unique
nonanticipating solution u(t,w) € H. Furthermore, E{|u(t,w)|*} is uniformly bound-
edint.
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Note. Baklan [4] has announced a result similar to Theorem 1 except for the
global bound on E{|u(t, w)|*}.
Proof of Theorem 1. Using Picard iteration,

U (60) = [ Pt = ) fun(s@))ds + [ P(t - sals, o) ds + P(u.

First it will be shown that limy_,,, uy(s,w) exists in the mean square sense
uniformly in #.
Since

e (60) = un(,0) = [ P(t = 5)(f (un) = f(uy-1)) s,
then

fo' dsP(t — s)(f(uy) — f(“n-n))lz}-

sup E{Juy1(6.0) = un(t0)) = sup £{

Now using conditions (i) and (i),
¢ 2
sup £ {| & P — 7 an) — S| }
< sup E{(f} @1P€ - 917t - far-2)) }

< sup( [} as1Pt = ) sup E(L7Gur) = S0P

(The last step comes from expanding the integral squared as a double integral
and using obvious inequalities and manipulations.)

< (" @512 sup @ Eluy — 1)

&
< ¥ S'-‘IP E{luy — uy-1 [}
where a?/N < 1.
This demonstrates that
2 a 2
s‘:P E‘{luNﬂ -uy’} < X Sl}P E{juy — uy-|*}.

Recalla < A.
To complete the proof that limy_,,uy converges, one must show that

sup, E{|u — u[*} < oo.
Since Jug| < oo the proof reduces to showing sup, E{| |’} < c0. Now

w@ = [ Pt = )f(w)ds + [ Pt = s)als,w)ds + P(uo,
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and therefore
sup B ) < 3( [ 1POP) 15 Go)?

+3 * Trace (P*(s) P(s)) ds + 3lug > < oo,

The last statement follows from condition (iii).

The fact that sup, E{|u|*} < oo follows from the Picard iteration and the
convergence of the resulting geometric series. In fact the method used to prove
Theorem 1 was chosen so that the global bound would be obtained simultaneous-
ly with the proof of existence and uniqueness of ». (Uniqueness follows from the
standard argument for Picard iteration.)

Theorem 2. The solution of equation (1) can be split as follows: u(t,w) = R(t,w)
+ V(t,w) where R(t,w) is a stationary process and V(t,w) satisfies

mE{IV(t, w)R}=0.

Note. The following argument shows that R(z, w) is independent of u,, i.e., the
stationary distribution of u is unique. The conditions of Theorem 1 imply that
Lu + f(u) is a monotone operator, i.e., (Lu + f(u) — Lv — f(v)) - (u — v) < (a
— N|u — v[%. Let u and v satisfy equation (1) with initial conditions uy and v,
respectively. Then it is easily shown that

@/ (lu = v?) = (Lu = Lv + f(4) = f@)) - (w = v) < (a = N)|u — v].

This implies that lim,_,, [u — v| = 0.

Proof of Theorem 2. There are two parts to the proof. First it is shown by
induction that each uy(f,w) in the Picard iteration can be split in the above
manner. Then splitting of (¢, w) is accomplished by taking limits.

Since uy(t,w) = ug, let Ry(t,w) = uy and ¥ (t,w) = 0. Note that Ry(t,w) is
defined for —oo < t < co0. Assume that uy(t,w) = Ry(t,w) + V(¢ w) where
Ry(t,w) is a stationary process defined for —oo < ¢t < oo and

lim E{IVy(, @)} =0.
Now
unaa(60) = [ P(t = 9)fun(s,0))ds + [ P(t = s)als,w)ds + PO
=" Pe-9fRds + [ Pt~ s)als,w)ds
— 2 P~ )f@Ra)ds = [ P(t = S)als,w)ds

+ P(uo + [ P(t = 5)(fluy) — fRy))ds.



182 ROBERT MARCUS

Let

Ryn(6w) = [ P = 9)f(Ry)ds + [ P(t = s)a(s, o) ds

and
Hon(t0) = = [ P = )5 (R)ds = [ P(t = Jals, ) ds

+ P(Juo + [ P(t = $)(fun) = F(Ry))ds.

Note Ry,,(,w) is a stationary process.

The problem is to verify lim,., E{|V+(t,w)]>} = 0. The last term in the
expression for ¥,,(t,w) is f§ P(t — s)(f(uy) — f(Ry))ds. 1t is easy to use the
methods of Theorem 1 to prove that

£

Now if the three other terms which comprise ¥;.,(t,w) can be shown to
approach 0 as ¢ — oo at a rate independent of N, then the decomposition of 4y
will be completed.

The first term is f°, P(t — s) f(Ry)ds. Using the methods of Theorem 1, it can
be shown that

E { L : P(t—s)f (Rn(s))dvr} < ( f_ : |P(¢t - 3)| ds)z_ sup E(IfRW)).

From Theorem 1 it follows that sup, E{|f(uy)|*} is bounded uniformly in N.
Since  lim,,,, E{|f(uy)I’} = E{|f(RW)P}, sup_wcico E{|f (RN} < ¢ < 0.
Hence

f; P~ 90t - @@ } < & sup BIP.

E{|[%, e - @@ } < o [ 1P~ las)

The right-hand side vanishes uniformly in N as ¢ - o0.
For the second term

£{

By condition (iii) preceding Theorem 1, the right-hand side approaches 0 as
t —> 0.

For the third term E{|P()uy|*} < |uo|*| P(§))* < |up|>e~2M. Again the right-
hand side vanishes as ¢ = o0. This completes the proof that

f_ ‘; P(t - s)als, w)dsr} = ﬁ * Trace (P*(s) P(s)) ds.

mE{lVN+1(t: wf}=0
uniformly in N.
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It has been shown that uy(t,w) = Ry(t,) + Vi (t, w). To complete the proof of
Theorem 2 the decomposition must be extended to limy_,, uy(t, ) = u(t, w).

The first step is to show that limy_, Ry(f,w) = R(t,w). The proof is by
contradiction; assume there exists an ¢ such that, for all n,

sup E{|Ry(t,©) — Ry(1,0)*} > 2e.
MAN>n

Since the difference of two stationary processes is stationary, the expression on
the left is independent of time. By choosing ¢ large enough, thus making
E{[%(t,w)*} and E{|V,(t,w)?} sufficiently small, it is easy to show
Sup, supy, v>n E{luy — up[*} > €. But this contradicts the result that limy_,o, uy (2,
w) exists, which was proven in Theorem 1. Since R(f) = limy_,,, Ry(?) is the limit
of stationary processes, it is a stationary process.

The final step in proving Theorem 2 is to show

lim E{lu(t,0) - R(, @)’} = 0.
Using a standard inequality,

E{Ju(t,0) — R(t, )"} < 3E{lut, ©) — uy(t,w)|*}
+3E{lun(t,0) — Ry(t,0)[*} + 3E{|Ry(t,0) — R(t, )}

Take N large enough so that the first and third terms are less than &/3 uniformly
in ¢. Then choose ¢ large enough so that E{|luy — Ry|*} < ¢/3. Combining the
three terms one has shown E{|u(t,w) — R(t,w)|?} < e for sufficiently large ¢. This
completes the proof of Theorem 2 that u(f,w) = R(f,w) + V(t,w) where R(t,w) is
a stationary process and lim,_,, E{|V(t,w)[*} = 0.

Note that for f(u) = 0, the stationary measure for R(t,w) is a Gaussian
measure with mean 0 and covariance f5° P*(s) P(s) ds. Writing the covariance in
the form fg° e*Le*L*ds gives an explicit representation —(L + L*)~! when L is a
normal operator. If L and L* do not commute, no simple general expression can
be found for the covariance.

Even if f(u) # 0, it may still be possible to find the stationary distribution
explicitly. If L is selfadjoint, let p, be the Gaussian distribution with mean 0 and
covariance operator —3 L1, (L"! exists because L is a selfadjoint negative-definite
operator.) Then if F(u) is an indefinite Fréchet integral of f{u), it will be proved
that the stationary distribution p of u(#, w) is described by the following formula:

lim E(G((t,))} = f,, G)op ()
= J,, Glu)er @) /[, 27080 (uo).

Ju G(u) 8p(u) is the integral of G(u) over H with respect to the distribution p. G
is any bounded measurable functional on H. In other words, p has Radon-
Nikodym derivative e2®)/f, e2F§p,(u) with respect to b,.
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Theorem 3. Let u(t, w) satisfy all the conditions of Theorem 1. Then the stationary
distribution of u(t, w) is the distribution p described above.

Proof of Theorem 3. The proof has two parts. First a sequence uy is given,
converging uniformly in ¢ to u. The stationary distributions of uy can be found
explicitly. Finally the stationary distributions of uy will be shown to converge to
p.

Recall L is a selfadjoint linear operator with an inverse of trace class. Hence
L has a complete set of orthonormal eigenvectors ¢; such that Lo, = A, ¢;. Let Jy
be the projection of H onto the finite-dimensional vector space spanned by {¢,}
fori =1,2,3,..., N. Note the equation dP/dt = LP implies | P(t) — P(t)Jy|
< ce~™! for some constant c.

Let uy(t, ) be the solution of

uy(f) = fo' P(t — $)Juf Uy uy)ds + L‘ P(t — s)a(s, ) ds + P()uq.

Recall u(t) = f5 P(t — s)f(u)ds + f§ P(t — s)a(s,w)ds + P(t)ug.
Now it will be shown that uy converges to # uniformly in .

fo‘ P(t - s)(f(w) - JNf(JNuN))ng }

Jim, sup B - uyl) = Jim sup £ {
< Jim sup £ {| [} P4 - 906 - s | }
+ Jim sup B {| [ P = 97 e) = sG] }

j;‘ P(t — 5) (fUnun) — InfUnuy))

+ }1_{20 sup E { ds}
< Jim sup [ [P( = IE(LF() £ )}
+ Jim sup ['1P( = O E(1(uy) - fUvun)l)ds
+ Jim sup [P = ) = P(e = I E(1S G} ds
< Jim sup £ E(lu — uyl)
+ Jim sup § E{luy ~ yunl} + Jim sup 3 E(| fChun)).
Simple algebra yields
(1-£) Jim, sop EClu = uyl}

a .. . a
< x fim sup E{luy — Jyuyl} + lim 5= sup E{|fCyu)}-
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For the first term on the right-hand side of the inequality, using the equation

un(®) = (@) = [ P(t = 5)(a(s) = Jyas))ds + PQuo — POyt

it is easy to show that the limit is equal to 0.
For the second term, using the equation

Hun@) = [ Pt = ) hfCun)ds + [ P - vals)ds + Pyt

and an argument duplicating the proof of Theorem 1, it is straightforward to
show that sup, E{|uy|} is bounded uniformly in N. Then

. a . a
Am, 5 sup E{|f(Uyun)l} < lim 3= sup E{aluy| + [ f(0)]} = 0.

This completes the proof that limy_,,, sup, E{|u — uy|} = 0.
The stationary distribution of uy can be found explicitly in two steps.
Uy = JNuN + (“N - JNuN). On JnH,

hun(@) = [/ " P(t — )y f Uyuy)ds + f " P(t — 5)Jyals) ds + P(0)Jy -

Since Jy H is a finite-dimensional vector space, the unique stationary distribution
of Jyuy can be found explicitly. [See Appendix.] The stationary distribution of
Jyuy has a Radon-Nikodym derivative with respect to p, on JyH equal to
exp(2F(Jyu)) /Sy exp(2 F(Jyu)) 8po(u). Note the Fréchet derivative of F(Jyu) is
Inf (U u).

The stationary distribution of uy — Jyuy is easily determined using the
equation

uy = Jyuy = [ P(t = 5)(als) — Jya(s)) ds + P(uo — P() st

The stationary distribution of uy — Jyuy is a Gaussian measure with covariance
operator (2L — 2LJy)~". Combining these two results, the stationary distribution
of uy has the Radon-Nikodym derivative exp(2 F(Jyu))/fi exp(2 F(Jyu)) 8
with respect to ;.

Since limy_,, sup, E{|uy — u|} = O the stationary distribution of u is the limit
of the stationary distributions of uy. To complete the proof it must be shown that
the stationary distributions of uy converge to the measure p with Radon-
Nikodym derivative exp(2 F(u))/f exp(2 F(u)) 8p,(u) with respect to pg.

It is sufficient to show that

Jim [, lexp(2F () — exp(2F( )| 8v(w) = 0

since this implies weak convergence.



186 ROBERT MARCUS
Jim [, lexp(F@)) ~ exp(2 F(Jyu))] 80o(u)

Jim [, 1exp(F() = 2FClys)) = 1l lexp 2 F(ly))] 800(0)

Jim, [, explalu = Jyul?) = 1)(exp(alvul? + 2F(0))) 8po(w)

Jim [, (exp(alu = Jyul?) = 1)8no(w) [, exp(aldyul? + 2F(0))no(w)

IA

< Jim | 1T ovioy-a#-1 |exp@F©) IT 00,y
= 0.

(The last step is a consequence of the convergence of I[;2; (\;/\; —))!/? which
follows easily from the fact that L! is of trace class.) This completes the proof of
Theorem 3.

Theorem 4. Let u(t,w) satisfy u(t,w) = f5 P(t — s)f(u(s,w))ds + P(t)dy
+ & fo P(t — s)a(s, w)ds and all conditions of Theorem 1.

Let flu) have the following expansion for any uy, w, ...,uy € H. Define
h=ceu +€euy+ -+ + eVuy. Then

Flto + B) = £uo) + o)y + L),
N
+ e +%}(h~). + Rl(uo,uh cee ,uN,e),
where the subscript, means keep terms only up to order eV. Let R, satisfy

Rn(“o,“h see suN’e) < C(I“ol, |ul l’ seey |uN|)3N+l

where C has at most polynomial growth in |ug), |w, ..., luy|. (In general this is an
expansion in functional derivatives and f" (u) will be a bounded N-linear operator on
HV)

Then

u(t,w) = uy() + ey (t,w) + + - + e”uN(t,w) + Ry(t,w,€)
where lim,_qsup, E{| R,(t, w,¢)|}/e¥ = 0.

The u;(¢) can be found by using the expansion for f{u) and matching terms in
the equation for u(?, w). For example,

w0 = [ P(t = ) f(s))ds + P()io,
w(w) = [ Pt = 9)f @)l e)ds + [ P(t = als, w)ds,

utw) = j; ‘ P(t — 5)f'(up)uy(s, w)ds + j; ‘ P(t - s)f”%")u,’(s, w)ds.
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Remark. Using the above equations it is possible to show E{|u;(f, w)|¥} < o0
where i > 1 and M is any integer. This result will be needed in the proof of
Theorem 4.

The proof, which is straightforward but involved, is by showing inductively
that E{|u,(t,w)|™} is less than an expectation involving only functionals of
polynomial growth in u;. Since (¢, ») is a Gaussian random element in H as can
be seen from its defining equation, the expectation is finite.

Proof of Theorem 4.

Ry(t,w,€) = u— uy— euy — uy — -+ — eNuy
= [ P(t = )(f (@) = F() = &f (o) — - -+ — term of order e¥)ds
= [ Pt = () — fluo + et + -+ + e¥uy)
+ Ry(ug,uy, 1z, . . ., uy,€))ds
= [P~ (@) — fluto + ety + -+ + eVuy)) ds

t
+j‘; P(t - S)Rl(uo’uhub cee ,uN,G)dS.
Using the triangle inequality,
sup E{|Ry(t, )}

<swp B {| [ - 900 ~ S0+ eu + -+ + eMu)as| }
+s1:p E {If‘" P(t - s)R,(s)dr' }

Using the conditions of Theorem 1 it is not difficult to show for the first term

e )

< sup [['[P( = ) E(IfG) = fluo + et + -+ + ¥uy) )

Jo P = (@) = fu + ety + -+ + eNuy)) ds

a
< 559 E{lu = o — e = -+ = eMuy|} = § sup E|R,(4,0)]).

For the second term,

sup £ { } < sw {176 - 91RO}

1 N+1
S X s‘fP E{IRl(uO(t)a L} (t)’ s auN(’)’ €)|}S E')T s'fp E{C(IuOL |ul I’ qu |! ceey I“NI)}

caeN+! . .
< °e>‘ with a constant ¢y, independent of |¢| < 1.

fo‘ P(¢ — s)R,(s)ds
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The fact that sup, E{C(luo], |4}, |2, - . ., lun])} is finite follows from combining
the polynomial growth condition on C given in the statement of Theorem 4 and
the result mentioned in the remark that sup, E{|u;(t, w)|¥} < .

Combining the two inequalities just derived, one obtains

sup E{|Ry(5 )]} < 36N + 5 sup E{|Ry(5w)]).

Simple algebra yields
Co a
2 < el (l - —).
Since a/A < 1

.1
lig E(IR (6 0)) = 0

completing the proof of Theorem 4.
Schilder [2] has obtained by entirely different methods results of the form:

I'Lr{)x j;’ G(ew)exp(e~2 F(eu)) 8ro(u) / f” exp (e 2F(ew)) do(u) = G(u*).

Here w(u) is the Wiener measure on H, * is a minimum point for a certain
functional, grad F satisfies a Lipschitz condition, and G satisfies a smoothness
condition at u*. Note that the ratio is actually the expectation of G with respect
to a measure which is absolutely continuous with respect to Wiener measure.
Schilder’s result can be duplicated using the methods of this paper. Let

4 (x, 1, 0) = b (x,1,0) + } grad F(u*) + ea(x,t,w)

with appropriate side conditions.
From Theorem 3 it can be shown, for smooth G,

‘lixg G (x,0) = fa G(eu)exp(e72 F(eu)) dto(u) / fu exp (e"2 F(eu)) So(u).

From Theorem 4, lim, ,y#*(x, 7, w) = uy(x, ?) uniformly in ¢ where uy(x, ¢) satisfies
Ouy/dt = uy,, + § grad F(u,). It is easy to show lim, . uy(x,?) = u*(x) where
u*(x) satisfies u}, + } grad F(u*) = 0. This u*(x) corresponds to the u* in
Schilder’s result. Finally

lim [ Glew)exp (&2 Flew) Sro(u) / [ exp(e2F(eu)) dro(u)
= 1‘!_‘3.} ‘1_132 E{G(u(x, 1, “’))} = ‘122, P_’B E(G(u*(x, 1,0))}
= lim B(G(o(x )} = fim Gluo(x 1) = GG*)

Pincus [3] generalized the result of-Schilder to a class of general Gaussian
processes. The analysis given above can be duplicated for this case and will also
extend to Gaussian processes with multidimensional parameters.
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Appendix. To complete the proof of Theorem 3 it is necessary to show that if

Jou = L " P(t = 8)Jf Uyu)ds + L " Pt — s)Jyals)ds + P(O)uuo

then the unique stationary distribution of Jy « has the Radon-Nikodym derivative
exp(2F(Uyu)) /Sy exp(2 F(Jyu)) 8po(u) with respect to py(u) on Jy H.
Rewrite the equation in the form

JNu(t) = .[0' (JNUNu(S) + JNI(JNu))dS' +j;‘ JNa(s)ds + JN“O‘

Since f5 Jya(s)ds is an N-dimensional Wiener process, the equation is a finite-
dimensional Itd equation. The following theorem gives the stationary distribution
explicitly for a wide class of Itd equations including the one above. Note that
JyLJyu + Jyf(Jyu) is Lipschitz continuous on Jy H and also is the gradient of
LJNu . JNu + F(JNu).

Theorem. Let u(t) € RY satisfy u(t) = f5 f(u(s))ds + W(t) + u(0) where W(¢)
is an  N-dimensional Wiener process. In addition let the following conditions be
satisfied. '

(i) f is Lipschitz continuous.

(i) f(u) = grad F(u) for some function F.

(iii) frv €2F@dx < oo where dx is the differential of N-dimensional Lebesgue
measure.

(iv) Prob (u(0) € S} = f5 e2F®dx where S is any measurable set in R¥.

Then for any T > 0, Prob {u(T) € S} = f5 e2F®dXx.

Proof of Theorem. The method of the proof is to find a sequence of processes
uz(¢) such that

Prob (u(T) € S} = lgg.x‘lo Prob {ux(T) € S}
= [, eroar/, , e,
Let up(¢) with |ugz| < R satisfy
up(@®) = [ fn(s) ds + W() + up(0)
and
Prob (ux(0) € S} = [, s/ [ cn 2.

Let uz(7) be reflected at the boundary |uz(7)] = R.
Let Pi(x,?) be defined by f5 Px(x,7)dx = Prob {uz(t) € S}. Pr(x,?) satisfies
the forward Kolmogorov equation d Pg/dt = } div grad Pg — div (f(x)Pg). The
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side conditions are Pg(x,0) = e2FW/f|,\ » €2F®)dx, and at the boundary |x| = R
the normal component of } grad Pr(x,#) — f(x) Pr(x,?) is 0. (The fact that the
above is the correct boundary condition for the forward Kolmogorov equation
with reflection at the boundary can be easily verified with the use of the
divergence theorem.)

Pa() = eF0f[ | e

is a solution to the Kolmogorov equation satisfying the side conditions. It can be
shown that with the given side conditions the equation has a unique solution
(Friedman [1]). Hence

Prob {ux(T) € §) = [ e*@ax/[  e2roiax.
The next step in the proof is to show

lim Prob {ux(T) € S} = Prob {u(T') € §}.
Note that the processes uz(?) and u(f) are equivalent for all paths that do not
reach the boundary. Hence

}i_{l}oIProb {ur(T) € S} - Prob {u(T) € S}

< lim Prob{ sup u(t) > R}.
R 0SI<T

Therefore it is only necessary to show that limg_,,, Prob {supy<,<ru(f) > R}
= 0. But it is well known that this follows from the Lipschitz continuity of f.
Concluding the proof,

Prob {u(T') € S} = }1_{130 Prob {ux(T) € S}

Sy
= [ emar/[,, eroax.
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